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REs) j G(s) L) All roots s should satisfy this equation:
H(s) = -1
H(s) S)H(s) = D(s) KD(S) _ {e-im
CE: 1+ G(s)H(s) = 0 m) (s)
N . " N(So) —
1+ K (s) —0 Magnitude condition = K |—D = 1

D(s) Angle condition = £ZN(sg) — £D(sg) = —m(1 + 2q)

= As K varies, pole position varies!

15

Root locus is the trajectory of the CL poles as

K:O—)OO

stable uns*able
10 - 1

Example:

R(s) + K

Root locus K=0 K=0 *|K=0

T s(s+1D(s+2)
1+ 0.2s [«

c )(s) - Sl 4 |

10 1

15
Re
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Rl

L. G(s)H(s) =

Determine the starting and ending points.

respectively _7” and g
Determine the break-in/out points
Sketch the asymptotes

corresponding gain K

K
(s2+2s+2)(s?+2s+5)’
Closed loop CE: 1+G(s)H(s) =0
(Proof) K

1 =0
* (s2+2s5+2)(s?2+2s+5)

o (s*+2s+2)(s*+2s+5)+K=0
For starting points
(K = 0): (s?2+2s+2)(s?+25s+5)=0

Starting points are s=-14j s=-1+/2
the open loop poles:

There are no finite zeros = Ending points must be at infinity

Find the intersection of the root locus with the imaginary axis and the

2. Show that the departing angles from the top two starting points are R(s) +T

G(s)H(s)

K

C(s)

(524 25+ 2)(s?2+2s+5)

Plot of root loci and:asymptotes

‘x;'l“;e/

H(s) =1 2 @+ j
g SN
Observe that there /Xf %‘%&
are no real roots
for any values of K .
S 2 R

-2
Real Axis

* Starting points (K = 0) are poles of open loop GH
* Ending points (K = o0) are finite GH zeros or infinite zeros

* For infinite zeros: end directions to o given by Asymptotes

3
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2. Show that the departing angles from the top two starting points are respectively _771 and g

Open loop poles (starting points): —1 +j, —1 £ ;2

Departure angle:
m n
24(5+Zi) —24(5+pj) = -7
i=1 j=1
For -1 +j: Take note of the
(no finite zeros) approximation in the angles
=4
=0 nZL(s+ ) (a+n+n+3n)
—_ L) = — — — —) = —71
: Pj 272772
j=1
For —1 + 2j:
n=4

=0 ZL( +p;)=—( TR
- stpj)=—(a+s+5+5)=-1
& 222

_ 3 s
>a= 5 or2
(90°)
T
= a= 5

3
-1+€\%J\ Im -1+21>P_\___“ Im
AT
£ 2
Re Re
1 ~ 1
s
N
1 —1—1T
w5 :
1-2j. 12 -1-2/,L

Root Locus symmetrical
about the real axis
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3. Determine the break-in/out points '1+21TL;.——7; "
2
d to check if gl =
Break-out and break-in points: — =0 Nee tO.C cex
ds result is valid Re

'
[uy

Between 2 open loop poles, the break-out points are given by:

CE: (s?2+25s+2)(s?+25s+5)+K=0 T

1]

K = —(52 +25+2)(s2 +25+5)

Plot of root loci and;asymptotes

~1+2j
2(s+1)(25% +4s+7) =0 &* M
In between the i
s=-1 or .
open loop poles <J
= not on locus = Break-out points /Xf e z‘ﬁg&

&K =-4
(rejected)

dK
Ez—(25+2)(s2+Zs+5)—(25+2)(52+25+2) =0

Imag Axis

R

P\
.9/
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Question 1 ) =) = K GG+ p) (5 ¥ p) el
4. Sketch the asymptotes G()H(s)
R(s) + K C(s)

. . . . . - (s2+2s+2)(s?+2s+5)
No finite zeros = Ending points must be at infinity

= There are 4 asymptotes

Asymptote angle: \ .1+ij m,
w(l+2 N\ /
S=M ,q=0,..,n—m-—1 NN
[Tl - m] \\\ //
\ // Re
q=0,..,3 /,i\\ g
n(1+2q) m 3m 5t 7n T 3 SN
VA it R R R =i_ri_ /1 \
TTaC0 Twaaa At SN
(£45°,+135°) FARRET R AN

Real axis intercept:

_ 2i(=p) — Z;’n(_zj) _ Y GH finite poles — ), GH finite zeros
- n—m B n—m

Oq

SM=1+)+ (1= +(1+2) +(-1-2j) —4 Note that imaginary
9a = 4 =5 =1 parts will cancel off
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5. Find the intersection of the root locus with the imaginary axis and the corresponding gain K

Crossing of imaginary axis:

Sets = jw on the CE, then solve for the unknowns

K
CE: 1+

=0
(s?+2s+2)(s?2+2s5s+5)

(s> +2s+2)(s>+2s+5)+K=0

((w)?+2(w) + 2)((jw)?+2(jw) +5) +K =0

(0* —110? + 10 + K) + j(—4w® + 140) =0

>0t —110?+10+K =0
K = —(1.8708)*+11(1.8708)2—10

K = 16.2495

= —403+ 140 =0
w = +11.8708

N -142)
\

VRN
SN
/ \
// N
/-1
/ \
/ \

/ w < —1.8708

/7 1 \\,

-

Plot of root loci and:asymptotes

g
x
50
©
- o,

-5

4 4 2

Real Axis
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Root Locus Pointers

1. Starting and ending points of the locus
a.  Starting points — open-loop GH poles
b.  Ending points — open-loop GH zeros

The number of branches equals to the order of CE
Ending points (K = o) are finite GH or infinite zeros
Root Locus symmetrical about the real axis

Segments on the real axis to the left of odd number real-

2. Locus on real axis _
axis open-loop poles and zeros are parts of root locus.

3. Break-in and break-out points
a.  Break-in (minimum K) K _ o
b.  Break-out (maximum K) ds

4. Imaginary axis intersection

5. Asymptotes (infinite open-loop zeros)
a. Angles
b.  Location

6. Departure and arrival angles
(for complex poles/zeros)

|Sets = ja)inCE|

Asymptote angle:
_n(1+2q)

Real axis intercept:

_ Y. GH finite poles — }; GH finite zeros

48 = =0,...,n—-m-—1

s [ —m] ,q=0,..,n—m Oq —m
Departure angle: Arrival angle:

m n m n
ZL(s+zl-)—ZA(s+p]-)=—rr ZL(s+Zi)—ZL(s+pj)=n
=1 Jj=1 i=1 j=1
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Consider the following system with variable gain K
1. Sketch the root locus of the system (detail every steps).
1. With the help of root locus, explain the effects of increasing K on

the system’s transient behavior.

1. Starting and ending points of the locus:
CE: 1+ G(s)H(s) =0
(1+0.2s)

1+K =
s(s+1)(s+2)
Starting points: s = 0,s = —=1,s = =2
Ending points: s = —5 (finite zero) and two infinite zeros

2. Locus of real axis:
Segments on the real axis to the left of odd number real-axis open-loop
poles and zeros are parts of root locus.

O

-5 2 -1 0

One real axis segment between 0 and —1, and the other two segments
between — 2 and —5 will break out some where between them.

K

(s+1(s+2)

c(s)

R(s) +

+

K

C(s)

s(s+1)(s+2)

0.2s |«

R(s) +

v

K

c \(s)

s(s+1D(s+2)

1+ 0.2s

A
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3. Break-in and break-out points: RGs) o
S) + K s
14+ 0.2s >R >
CE: 1+ G(s)H(s) =1+K ( ) - s(s+1D(s+2)

sG+DG+2)

_ —s(s+D(s+2)
~ (1+0.29)
4. Imaginary axis intersection:
2 —
K (1+ 0.25)(3s% + 65 + 2) — s(s + 1)(s + 2)(0.2) _ 0 Set s = je in CE

ds (1 + 0.25)2

jo(w+1D(w+2)+ KA +02jw) =0

(1+0.25)(3s2+65s+2)—s(s+1(s+2)(02)=0
(—3w? +K) +j(—w® + (24 0.2K)w) = 0

5+5)(3s2+6s+2)—s(s+1)(s+2)=0 o 302+ K =0 > -3+ (2+02K)w =0
(353 +21s2 +325+10) — (s® +3s2+25) =0 32+ 02K)+K=0\ —w?+(2+0.2K)=0
253 +18s2+30s+10=10 —6—06K+K=0 w?=2+02K
s = —6.934,-1.6091, —0.4475 —6—06K+K=0
(rejected) (rejected) e K = 15 w2 =2+ 0.2(15)
x w=15

-5 -2 -1 0 o
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5. Asymptotes: C(s)
CE: s(s+1)(s+2)+K(1+02s)=0 G(s)H(s) = (K(j ;r)?-Zj)z)
Angles: S8 s
m(l+2
s=u ,q=0,....,n—m-—1
[n —m] Root locus
_n(1+2q) _ o1 15
_m3m
202 5| Vs
//
Real axis intercept: m o 7
_ X GH finite poles — ¥ GH finite zeros .
7a = n—m 57 N
=0—1—2—(—5)=1 ol
2
This means that part of the locus will cross over the RHP 15 ‘
5 4 3 2 1 0 1

Re "
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ii.  With the help of root locus, explain the effects of increasing ) Root locus
K on the system’s transient behavior. .
Let’s say: 10 s
ForK = 1.3, CE:s(s+1)(s+2)+K(1+4+025)=0 N jonf1-C2 ¢=0.15.
s3 4352 +2265+13=0 — - o49p
. " Im 0
s3 = —2.2530, s;, = —0.3735 * j0.6614 & K=13
(¢ = 0.49) 5
ForK =5  CE:s®+3s2+3s+5=0 0
s3 = —2.5874, s;, = —0.2063 * j1.3747 )
(( = 0.15) s 302 1 0
Re
- _ Step Response
Increasing K from K = 1.3 will reduce the damping from { = 0.49 to 14 f=s0 tep e
¢ = 0.15 and the resulting time response will be more oscillatory Ny
T
. Amplitude *° / \/
Beyond K = 15, the root locus crosses over to the right half plane, /
K=13

indicating the system become unstable = Divergent oscillation

Time (s
30 ( ) 12



