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Question 1

2

Newton’s second law:
∑𝐹𝐹 = 𝑚𝑚𝑥̈𝑥

𝑋𝑋 𝑠𝑠
𝐹𝐹(𝑠𝑠)

=
1

𝑚𝑚𝑠𝑠2 + 𝐶𝐶1 + 𝐶𝐶2 𝑠𝑠 + 𝐾𝐾1 + 𝐾𝐾2

Write the differential equations for the mechanical system,
where 𝑓𝑓 is force input and 𝑥𝑥 is displacement output. Find
the transfer function for input to output. M

𝐾𝐾1

𝐶𝐶1 𝐶𝐶2

𝐾𝐾2
𝑓𝑓

𝑥𝑥

𝐾𝐾1

𝐶𝐶1
𝑥𝑥

𝑥𝑥

(expand)

M

𝑓𝑓

𝑥𝑥

𝐾𝐾2𝑥𝑥
𝐶𝐶2𝑥̇𝑥

𝐾𝐾1𝑥𝑥
𝐶𝐶1𝑥̇𝑥

𝑓𝑓 − 𝐾𝐾1𝑥𝑥 − 𝐾𝐾2𝑥𝑥 − 𝐶𝐶1𝑥̇𝑥 − 𝐶𝐶2𝑥̇𝑥 = 𝑚𝑚𝑥̈𝑥

𝑚𝑚𝑥̈𝑥 + 𝐶𝐶1 + 𝐶𝐶2 𝑥̇𝑥 + (𝐾𝐾1 + 𝐾𝐾2)𝑥𝑥 = 𝑓𝑓

Taking Laplace transform and assuming zero initial condition:

𝑚𝑚 𝑠𝑠2𝑋𝑋 𝑠𝑠 − 𝑠𝑠𝑠𝑠 0 − 𝑥̇𝑥(0) + 𝐶𝐶1 + 𝐶𝐶2 𝑠𝑠𝑋𝑋 𝑠𝑠 − 𝑥𝑥 0 + (𝐾𝐾1+𝐾𝐾2)𝑋𝑋(𝑠𝑠) = 𝐹𝐹(𝑠𝑠)

𝑚𝑚𝑠𝑠2 + 𝐶𝐶1 + 𝐶𝐶2 𝑠𝑠 + 𝐾𝐾1 + 𝐾𝐾2 𝑋𝑋(𝑠𝑠) = 𝐹𝐹(𝑠𝑠)

𝐶𝐶2

𝐾𝐾2

𝑥𝑥

𝑥𝑥

(compressed)

Damper opposes 
motion

ℒ 𝑥̈𝑥(𝑡𝑡) = 𝑠𝑠2𝑋𝑋(𝑠𝑠) − 𝑠𝑠𝑠𝑠 0 − 𝑥̇𝑥(0)
ℒ 𝑥̇𝑥(𝑡𝑡) = 𝑠𝑠𝑠𝑠(𝑠𝑠) − 𝑥𝑥 0
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Newton’s second law:

∑𝐹𝐹 = 𝑚𝑚𝑥̈𝑥

𝑋𝑋 𝑠𝑠
𝑌𝑌(𝑠𝑠)

=
𝐾𝐾

𝑚𝑚𝑠𝑠2 + 𝐾𝐾

Write the differential equations for the mechanical
system, if a displacement input 𝑦𝑦 is given, which results
in a displacement output is 𝑥𝑥. Find the transfer function.

−𝐾𝐾(𝑥𝑥 − 𝑦𝑦) = 𝑚𝑚𝑥̈𝑥

𝑚𝑚𝑥̈𝑥 + 𝐾𝐾𝐾𝐾 = 𝐾𝐾𝐾𝐾

Laplace transform (assuming zero initial condition):

𝑚𝑚𝑠𝑠2 + 𝐾𝐾 𝑋𝑋 𝑠𝑠 = 𝐾𝐾 𝑌𝑌(𝑠𝑠)

M

𝑦𝑦𝐾𝐾

𝑥𝑥

Assume 𝑥𝑥 > 𝑦𝑦

M

𝑦𝑦𝐾𝐾

𝑥𝑥

𝑥𝑥
Net displacement

𝐾𝐾(𝑥𝑥 − 𝑦𝑦)

(expand)



Background for Rotational System
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Newton’s second law:

∑𝑇𝑇 = 𝐽𝐽𝜃̈𝜃

𝜏𝜏𝑎𝑎 − 𝐵𝐵𝜃̇𝜃 − 𝐾𝐾𝜃𝜃 = 𝐽𝐽𝜃̈𝜃

𝐽𝐽𝜃̈𝜃 + 𝐵𝐵𝜃̇𝜃 + 𝐾𝐾𝜃𝜃 = 𝜏𝜏𝑎𝑎

Taking Laplace transform and zero initial condition:

Θ 𝑠𝑠
𝑇𝑇(𝑠𝑠)

=
1

𝐽𝐽𝑠𝑠2 + 𝐵𝐵𝐵𝐵 + 𝐾𝐾

𝐽𝐽𝑠𝑠2Θ 𝑠𝑠 + 𝐵𝐵𝐵𝐵 Θ 𝑠𝑠 + 𝐾𝐾Θ 𝑠𝑠 = 𝑇𝑇(𝑠𝑠)
𝐵𝐵𝜃̇𝜃𝐾𝐾𝜃𝜃



Question 3
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Newton’s second law:

𝐽𝐽𝜔̇𝜔 + 𝐵𝐵𝜔𝜔 = 𝜏𝜏

Ω 𝑠𝑠
𝑇𝑇(𝑠𝑠)

=
1

𝐽𝐽𝑠𝑠 + 𝐵𝐵
=

1
100𝑠𝑠 + 10

Consider the rotational system having a flywheel with inertia 𝐽𝐽 = 100 𝑘𝑘𝑘𝑘𝑚𝑚2 and 
viscous damping coefficient 𝐵𝐵 = 10 𝑁𝑁𝑁𝑁/𝑟𝑟𝑟𝑟𝑟𝑟 shown in the figure.
a) Find the transfer function Ω 𝑠𝑠

𝑇𝑇(𝑠𝑠)
for input torque 𝜏𝜏 to angular velocity 𝜔𝜔

b) Using Laplace transform, find out the 𝜔𝜔(𝑡𝑡) if a torque of 100 𝑁𝑁𝑁𝑁 is applied. 
What is the steady state value for 𝜔𝜔(𝑡𝑡)?

Laplace transform:

a)

𝐽𝐽𝑠𝑠Ω(𝑠𝑠) + 𝐵𝐵Ω(𝑠𝑠) = 𝑇𝑇(𝑠𝑠)

b) If a torque of 100 𝑁𝑁𝑁𝑁 is applied, then 𝑇𝑇(𝑠𝑠) = 100
𝑠𝑠

.

Ω 𝑠𝑠 =
1

100𝑠𝑠 + 10
𝑇𝑇 𝑠𝑠 =

1
100𝑠𝑠 + 10

100
𝑠𝑠

=
1

100𝑠𝑠 + 10
100
𝑠𝑠

=
1

𝑠𝑠 + 0.1 𝑠𝑠

=
10
𝑠𝑠
−

10
𝑠𝑠 + 0.1

Inverse Laplace transform: 𝜔𝜔(𝑡𝑡) = 10 − 10𝑒𝑒−0.1𝑡𝑡

𝑡𝑡 → ∞,𝜔𝜔(𝑡𝑡) = 10Steady state value: (Can also be found using FVT)

𝐽𝐽𝜃̈𝜃 + 𝐵𝐵𝜃̇𝜃 + 𝐾𝐾𝜃𝜃 = 𝜏𝜏

𝐽𝐽𝜃̈𝜃 + 𝐵𝐵𝜃̇𝜃 = 𝜏𝜏
𝐵𝐵𝜃̇𝜃



Bonus Question
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Newton’s second law for 𝑚𝑚1 :

Write the differential equations for the mechanical system.

−𝑘𝑘1𝑥𝑥1 − 𝑘𝑘2(𝑥𝑥1 − 𝑥𝑥2) − 𝑏𝑏1𝑥̇𝑥1 − 𝑏𝑏2(𝑥̇𝑥1 − 𝑥̇𝑥2) = 𝑚𝑚1𝑥̈𝑥1
For FBD, assume 𝑥𝑥1> 𝑥𝑥2 for mass 𝑚𝑚1 and 𝑥𝑥2> 𝑥𝑥1 for mass 𝑚𝑚2

𝑘𝑘1

𝑏𝑏1

𝑚𝑚1

𝑏𝑏2

𝑘𝑘2
𝑥𝑥1

𝑚𝑚2

𝑘𝑘3

𝑥𝑥2

𝑦𝑦

𝑚𝑚1

𝑥𝑥1

𝑘𝑘1𝑥𝑥1
𝑏𝑏1𝑥̇𝑥1

𝑘𝑘2(𝑥𝑥1 − 𝑥𝑥2)

𝑏𝑏2(𝑥̇𝑥1 − 𝑥̇𝑥2)

𝑚𝑚2

𝑥𝑥2

𝑘𝑘2(𝑥𝑥2 − 𝑥𝑥1) 𝑘𝑘3(𝑥𝑥2 − 𝑦𝑦)
𝑏𝑏2(𝑥̇𝑥2 − 𝑥̇𝑥1)

𝑚𝑚1𝑥̈𝑥1 + 𝑏𝑏1 + 𝑏𝑏2 𝑥̇𝑥1 + 𝑘𝑘1 + 𝑘𝑘2 𝑥𝑥1 = 𝑏𝑏2𝑥̇𝑥2 + 𝑘𝑘2𝑥𝑥2

Newton’s second law for 𝑚𝑚2 :

−𝑘𝑘2 𝑥𝑥2 − 𝑥𝑥1 − 𝑏𝑏2 𝑥̇𝑥2 − 𝑥̇𝑥1 − 𝑘𝑘3(𝑥𝑥2 − 𝑦𝑦) = 𝑚𝑚2𝑥̈𝑥2

∑𝐹𝐹 = 𝑚𝑚1 𝑥̈𝑥1

𝑚𝑚2𝑥̈𝑥2 + 𝑏𝑏2𝑥̇𝑥2 + (𝑘𝑘2 + 𝑘𝑘3)𝑥𝑥2 = 𝑏𝑏2𝑥̇𝑥1 + 𝑘𝑘2𝑥𝑥1 + 𝑘𝑘3𝑦𝑦



Bonus Question
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𝑚𝑚1 :

For FBD, assume 𝑥𝑥1> 𝑥𝑥2 for mass 𝑚𝑚1 and 𝑥𝑥2> 𝑥𝑥1 for mass 𝑚𝑚2

𝑘𝑘1

𝑏𝑏1

𝑚𝑚1

𝑏𝑏2

𝑘𝑘2
𝑥𝑥1

𝑚𝑚2

𝑘𝑘3

𝑥𝑥2

𝑦𝑦

𝑚𝑚1

𝑥𝑥1

𝑘𝑘1𝑥𝑥1
𝑏𝑏1𝑥̇𝑥1

𝑘𝑘2(𝑥𝑥1 − 𝑥𝑥2)

𝑏𝑏2(𝑥̇𝑥1 − 𝑥̇𝑥2)

𝑚𝑚2

𝑥𝑥2

𝑘𝑘2(𝑥𝑥2 − 𝑥𝑥1) 𝑘𝑘3(𝑥𝑥2 − 𝑦𝑦)
𝑏𝑏2(𝑥̇𝑥2 − 𝑥̇𝑥1)

𝑚𝑚1𝑥̈𝑥1 + 𝑏𝑏1 + 𝑏𝑏2 𝑥̇𝑥1 + 𝑘𝑘1 + 𝑘𝑘2 𝑥𝑥1 = 𝑏𝑏2𝑥̇𝑥2 + 𝑘𝑘2𝑥𝑥2

𝑚𝑚1𝑠𝑠2 + 𝑏𝑏1 + 𝑏𝑏2 𝑠𝑠 + 𝑘𝑘1 + 𝑘𝑘2 𝑋𝑋1(𝑠𝑠) = (𝑏𝑏2𝑠𝑠 + 𝑘𝑘2)𝑋𝑋2(𝑠𝑠)

Laplace transform:

𝑚𝑚2 :

𝑚𝑚2𝑠𝑠2 + 𝑏𝑏2𝑠𝑠 + 𝑘𝑘2 + 𝑘𝑘3 𝑋𝑋2 𝑠𝑠 = 𝑏𝑏2𝑠𝑠 + 𝑘𝑘2 𝑋𝑋1 𝑠𝑠 + 𝑘𝑘3𝑌𝑌(𝑠𝑠)

Laplace transform:

𝑚𝑚2𝑥̈𝑥2 + 𝑏𝑏2𝑥̇𝑥2 + (𝑘𝑘2 + 𝑘𝑘3)𝑥𝑥2 = 𝑏𝑏2𝑥̇𝑥1 + 𝑘𝑘2𝑥𝑥1 + 𝑘𝑘3𝑦𝑦

𝑋𝑋1(𝑠𝑠) =
(𝑏𝑏2𝑠𝑠 + 𝑘𝑘2)𝑋𝑋2(𝑠𝑠)

𝑚𝑚1𝑠𝑠2 + 𝑏𝑏1 + 𝑏𝑏2 𝑠𝑠 + 𝑘𝑘1 + 𝑘𝑘2

𝑋𝑋2(𝑠𝑠)
𝑌𝑌(𝑠𝑠)

= ⋯𝑐𝑐𝑐𝑐𝑐𝑐 𝑏𝑏𝑏𝑏 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

𝑋𝑋1(𝑠𝑠)
𝑌𝑌(𝑠𝑠)

= ⋯𝑐𝑐𝑐𝑐𝑐𝑐 𝑎𝑎𝑎𝑎𝑎𝑎𝑎𝑎 𝑏𝑏𝑏𝑏 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓

Subst 𝑋𝑋1(𝑠𝑠)

To find TF linking the output 𝑋𝑋1(𝑠𝑠), 𝑋𝑋2(𝑠𝑠) and input 𝑌𝑌(𝑠𝑠):


	MA3005 Control Theory
	Question 1
	Question 2
	Background for Rotational System
	Question 3
	Bonus Question
	Bonus Question

