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Sampling 

Shannon-Nyquist Theorem

• We need to sample a digital signal at a rate more than two times the maximum 

frequency component in the signal to retain all frequency components.

• In other words, to faithfully represent the analog signal, the digital samples 

must be taken at a frequency fs, such that

fs > 2fmax 

fs is called sampling rate, and fmax is called Nyquist frequency
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Sampling 

• If we approximate a signal by a truncated Fourier series, the maximum

frequency component is the highest harmonic frequency. Then the time

interval between the digital samples is

∆t=1/ fs
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𝑪𝟎 + ෍ 𝑨𝒏 

𝒄𝒐𝒔(𝒏0t)

𝑵

𝒏ୀ𝟏

+ ෍ 𝑩𝒏 
𝒔𝒊𝒏(𝒏0t)

𝑵

𝒏ୀ𝟏

Content Copyright Nanyang Technological University 4

ALIASING

∆଴

∆𝒔

𝟏𝟐∆𝒔= 𝟏𝟎∆𝟎
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POOR SAMPLING
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POOR SAMPLING
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POOR SAMPLING

Wave Frequency = 1/2Hs=0.5 Hz

Nyquist Frequency = Wave Frequency=1/2 Hz=0.5 Hz

Sampling rate (=1 Hz) !>  2*Nyquist Frequency (=1Hz)

DISCUSSION Q1(A)
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POOR SAMPLING

Sampling time interval ∆s =?

Sampling rate fs=?

∆଴=? Wave Frequency = ?

Sampling rate = ? X  Wave Frequency

DISCUSSION Q1(B)
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POOR SAMPLING

Sampling time interval ∆s =6/4=1.5s

Sampling rate fs=1/ ∆s=2/3 Hz=0.666Hz

∆଴=2s , Wave Frequency =1/ ∆଴= 1/2Hz=0.5 Hz

Sampling rate = 4/3 X  Wave Frequency

ANSWER TO Q1(B)

𝟒∆𝒔= 𝟑∆𝟎

𝒇𝒔

𝒇𝒐
=

∆𝟎

∆𝒔
= 𝟏. 𝟑𝟑𝟑

-1.5

-1

-0.5

0

0.5

1

1.5

0 2 4 6 8 10 12

∆଴

∆𝒔

9

10



2/13/2025

Content Copyright Nanyang Technological University 11

POOR SAMPLING

Wave Frequency = 1/2s=0.5 Hz

Nyquist Frequency = Wave Frequency=1/2 Hz=0.5Hz

Sampling rate (=2/3 Hz) !>  2*Nyquist Frequency

DISCUSSION Q1 (B)
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HIGHER SAMPLING FREQUENCY
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HIGHER SAMPLING FREQUENCY
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HIGHER SAMPLING FREQUENCY
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GETTING BETTER
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GETTING BETTER
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GETTING BETTER

-1.5

-1

-0.5

0

0.5

1

1.5

0 2 4 6 8 10 12

Wave Frequency = 1/2Hz=0.5 Hz

Nyquist Frequency = Wave Frequency=1/2 Hz

Sampling rate (=2 Hz) >  2*Nyquist Frequency (=1Hz)

DISCUSSION Q1(D)

∆଴

∆𝒔

Content Copyright Nanyang Technological University 18

GOOD SAMPLING
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GOOD SAMPLING
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GOOD SAMPLING
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RECOMMENDED SAMPLING

Sampling rate =10 * Nyquist Frequency

ANSWER TO Q1
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Q2

Consider the continuous signal:

What would be an appropriate sampling rate to use in sampling this signal if is 

to filtered at and above 2 Hz before sampling?

What are the alias frequencies of the filtered signal at this sampling rate?

(𝑓𝑘 > 4 Hz; many possible solutions)

෍
4

(2𝑛 − 1)𝜋
௡ୀଵ

𝑠𝑖𝑛
2𝜋 2𝑛 − 1 𝑡

10
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109876543210n

19/1017/1015/1013/1011/109/107/105/103/101/101/10fn =
(2n-1)/10

4/(19)
=0.07

4/(17)
=0.08

4/(15)
=0.09

4/(13)
=0.10

4/(11)
=0.12

4/(9)
=0.14

4/(7)
=0.18

4/(5)
=0.25

4/(3)
=0.43

4/
=1.27

4/
=1.27

Amplitude(n)=
4/((2n-1))

ANSWER TO Q2
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109876543210n

191817161514131211109876543210-1m

19/102/101816/1015/1014/1013/1012/1011/1010/109/108/107/106/105/104/103/102/101/100fm =
m/10

19/1017/1015/1013/1011/109/107/105/103/101/101/10
fn =

(2n-1)/10

4/(19)
=0.0704/(17)

=0.0804/(15)
=0.0904/(13)

=0.1004/(11)
=0.1204/(9)

=0.1404/(7)
=0.180

4/(5)
=0.2504/(3)

=0.4304/
=1.270

Amplitude
Bm

4/(19)
=0.07

4/(17)
=0.08

4/(15)
=0.09

4/(13)
=0.10

4/(11)
=0.12

4/(9)
=0.14

4/(7)
=0.18

4/(5)
=0.25

4/(3)
=0.43

4/
=1.27

4/
=1.27

Amplitude
B2n-1=

4/((2n-1))

ANSWER TO Q2

m=2n-1, 𝐹 𝑡 = ∑
ସ

௠గ௠ୀଵ,ଷ,ହ,… 𝑠𝑖𝑛
ଶగ௠௧

ଵ଴
, Bm=൝

ସ

௠గ
, 𝑚 = 2n−1

0, 𝑚 = 2n
𝐹 𝑡 =  ෍ 𝐵௠𝑠𝑖𝑛

2𝜋𝑚𝑡

10

ஶ

௠ୀଵ
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4/

4/(3)
4/(5)

4/(7)
4/(9)

4/(11)

1/10
3/10

5/10
7/10

9/10
11/10

13/10
15/10

17/10
19/10

ANSWER TO Q2
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ANSWER TO Q2

The 𝑛௧௛ term of the series has a frequency 𝑓௡ = (2𝑛 − 1)/10.

The fundamental frequency 𝑛 = 1  is 𝑓ଵ = 𝑓଴ = 0.1 𝐻𝑧.

Because 𝑓௠௔௫ = 2 Hz, need to set 𝑓௦ > 4 Hz.

The alias frequencies of the filtered signal depend on the sampling 

rate. Let us say we select 𝒇𝒔 = 5 Hz.
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ANSWER TO Q2

Low Pass Filter

Shaparenko, B. and Cimbala, J. M., Int. J. Mech. Engr Education, Vol. 39, No. 3, pp. 195-199, 2012Objective function: |i*fs – fn| with variable i=1, 2, 3 ….
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ALIAS FREQUENCIES

𝑷𝒓𝒐𝒐𝒇 𝒐𝒇 𝒇𝒂 = 𝒊 ∗ 𝒇𝒔 ± 𝒇𝒏, 𝒇𝒐𝒓 𝒊 = 𝟏, 𝟐, 𝟑, …

Given two analog signals 𝑥(𝑡) and 𝑦 𝑡 :
𝑥 𝑡 = 𝐴𝑐𝑜𝑠 2𝜋𝑓௡𝑡
𝑦 𝑡 = 𝐴𝑐𝑜𝑠(2𝜋𝑓௔𝑡)

We sample these two signals at sampling rate of 𝑓௦:

𝑥 𝑛 = 𝐴𝑐𝑜𝑠(2𝜋𝑓௡

𝑛

𝑓௦
)

𝑦 𝑛 = 𝐴𝑐𝑜𝑠(2𝜋𝑓௔

𝑛

𝑓௦
)

In the next few steps, we prove that 𝑦 𝑛 = 𝑥 𝑛 , in the case of 𝑓௔ = 𝑖 ∗ 𝑓௦ − 𝑓௡.
𝑦 𝑛 = 𝐴𝑐𝑜𝑠 2𝜋 𝑖 ∗ 𝑓௦ − 𝑓௡

𝑛

𝑓௦

= 𝐴𝑐𝑜𝑠 2𝜋𝑖 ∗ 𝑓௦ ∗
௡

௙ೞ
− 2𝜋𝑓௡

௡

௙ೞ

= 𝐴𝑐𝑜𝑠[2𝜋𝑖 ∗ 𝑛 − 2𝜋𝑓௡
௡

௙ೞ
]

= 𝐴𝑐𝑜𝑠(−2𝜋𝑓௡
௡

௙ೞ
)

= 𝐴𝑐𝑜𝑠(2𝜋𝑓௡
௡

௙ೞ
)

= 𝑥[𝑛]

Same for the case of 𝑓௔ = 𝑖 ∗ 𝑓௦ + 𝑓௡. Proof is done.
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Q3
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ANSWER TO Q2
ANSWER TO Q3(A)
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ANSWER TO Q3(B)
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Note: Q=(Vmax-Vmin)/(2n-1) when 2n is fairly large the difference for 
the results can be ignored both in terms of resolution and output.    

ANSWER TO Q3(B)
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