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LINEAR SYSTEMS

Linear systems are of the form

M

d” Xout der'n

> A, kS 5, o
n=0 m=0

where Xj, and X, are input and output variables, A, and B, are
coefficients, NV is the order of the system.
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Which of the following is correct for the Characteristic Equations of the Linear

System?

1)

3)

N
2
2) ZN: A4,s" =1
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Which of the following is correct for the Characteristic Equations of the Linear
System?
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ANSWER TO Q1

Which of the following is correct for the Characteristic Equations of the Linear
System?
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ANSWER TO Q1

Linear equation: A;S+A,=0 y
Quadratic equation: A,S2+A;S+A,=0 Roots (zeros)
Cubic equation: A;S3 + A,S?4+A;S+A,=0

Quartic equation: CA,S2+A,;S+A,=0

Quintic equation: AsS® + A,S* + A;S3 + A,S2+A,S+A =0
Degree 6 or higher: ZN A s" = 0

" =
n =0

NEWTON-RAPHSON FORMULA

_ fix,)
lix,)

Xn+4 = Xa
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LINEAR SYSTEMS

Linear systems are of the form

i . Quiz 3
d"Xo,,t dmxin At
D A =2 Ba—
dt =t NTULearn

n=0

where Xj, and X, are input and output variables, A, and B, are
coefficients, N is the order of the system.

Homogenous equation of Linear system:

n
N A" Xout _
n=0An atn 0

Characteristic Equation of Homogenous equation of Linear system

N
Y AS"=0
=0
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LINEAR SYSTEM

1st Order System

dXout
dt

T + Xout = KX,

The Characteristic Equation of The Homogenous
Equation of the 1st Order System

7s+1=0

LINEAR SYSTEM

dX out
T

dt + Xour = KX,

Step input

Since the root of this equation is s=-1/7,the homogeneous solution is

Xouth =fCex (s

Where C is a constant which can determined later applying
initial conditions

dcet/t
dt

4+ Ce t/T=1x (—%)e‘t/f + Ce /T =0
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LINEAR SYSTEM

Step input
dXout
T ar + Xour = KX,
A particular solution
Xoutp = KAin
Xin 7 Ain
dXO‘utp
s + Xout, = —7* 0+ KA, = KA,

11
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LINEAR SYSTEM

dXout
T%‘l'xout = KX,

Step input

The general solution is the sum of the homogeneous and
particular solutions

Xout = Xouth o Xoutp = Ce_t/T + KAm

12
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During a step function calibration, a first-order instrument is exposed to a step change
of 100 units. If after 1.2 s the instrument indicates 80 units, estimate the instrument

time constant. Estimate the error in the indicated value after 1.5 s. Assume Xou{0) =

0 units and K = 1 unit/unit.

T =0.75 s; error at 1.5 s = 13.4 units|
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LINEAR SYSTEM

Determining constant C by applying initial conditions
X0u(0) =0
X, (0)=Ce " + KA, =0
C = —KA,

X, (t)=Ce T+ KA, = KA, (1—e t/7)
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3. During a step function calibration, a first-order instrument is exposed to a step change
of 100 units. If after 1.2 s the instrument indicates 80 units. estimate th_em
time constant. Estimate the error in the indicated value after 1.5 s. Assume X5u{0) =
0 units and K = 1 unit/unit.

1=0.75s;emmorat 1.5s =134 units|

K=1

1m0 Xy (£) = 100 = 1 % 4;, (1 - lim e~t/7)
A, =100
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ANSWER TO Q2

3. During a step function calibration, a first-order instrument is exposed to a step change
of 100 units. If after 1.2 s the instrument indicates 80 units, estimate the instrument

time constant. Estimate the error in the indicated value after 1.5 s. Assume Xoud0) =
0 units and K = 1 unit/unit.

t=0.75 s; error at 1.5 s = 13.4 units]

Xout(®) = 100(1 — et7)
Xyt (1.2) = 80 = 100(1 — e71-27)

Thus
e 127 = 20/100

—1.2/t =In(0.2) = —1.61
T~ 0.75

Xout(t) = 100(1 — e707%)
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ANSWER TO Q2

3. During a step function calibration, a first-order instrument is exposed to a step change
of 100 units. If after 1.2 s the instrument indicates 80 units. estimate the instrument
time constant. Estimate the error in the indicated value after 1.5 s. Assume Xou{0) =
0 units and K = 1 unit/unit.

1=0.75s;emmor at 1.55s =13.4 units|

Xoue(t) = 100(1 — e707)
Xout(1.5) = 100(1 — ¢ 15075)

Thus
error at 1.5 s =100- X,,,;(1.5) =100e 15075 = 13.4 units
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ANSWER TO Q2

error at t =100- X, (t) =100e7075

Implitude

13.4 units

o o5 1 s 5 3 35 a

5 2 2
Time (secs)

Step response of system

Note that two parameters, i.e. 7 and K, are needed to characterise the
first order system. 7 and K are system variables, and are not

dependent on the input.
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A first-order instrument with a time constant of 2 s 1s to be used to

measure a periodic input. If a dynamic error of 2% can be tolerated,

determine the maximum frequency of a periodic input that can be
measured.

(Omax=0.1rads!)

19

ANSWER TO Q3

1. Magnitude Ratio can be considered as Attenuation
(always positive and less than 1)

M(w) =1/y1+ (wt)?

2.Dynamic error (1st order system)
always positive and less than 1 as well

o(w)=1-M(w)

20
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ANSWER TO Q3

A first-order instrument with a time constant of 2 s is to be used to

measure a periodic input. If a dynamic error of 2% can be tolerated,

determine the maximum frequency of a periodic input that can be

measured.

(Omax=0.1tads?!)
Solution §(w) =1— M(w) < 0.02
098 < M(w) <1

098<1/yJ/1+ (wn)2<1
0 <w<,(1/098)2—1/1

=2, W =0.11ad s or .. =0.016 Hz
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ANSWER TO Q3

M(w) =1/4/1+ (w7)?

Magnitude Ratio M(w)
1

10° 10" ? 10
Frequency (w)

Magnitude ratio plot of system
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ANSWER TO Q3

The first example Q2 looks at the time response of a system, i.e. in the
time domain.

The second example Q3 looks at its frequency response, i.e. in the
frequency domain. Both are often needed, especially for a more
complicated system, to have a good understanding of the system.

Magnitude Ratio M(w)
1

pmpitude

S
0.98\
13.4 3 : N

1 N

o 05 1

H
3 35 4 10° 10" 10°
Frequency ()

s 2 25
Time (secs)

Step response of system Magnitude ratio plot of system
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The output from a temperature system indicates a steady, time-
varying signal having amplitude which varies between 30 and 40

°C, with a single frequency of 10 Hz. Express the output signal as a

waveformequation, 7(7). If the dynamic erroris to be less than 1%,
what must the system time constant be? Assume that the sensitivity
K =1 and system is of first order.

(T(2)= 35 + 5sin(207r+d); T < 2.27 ms)
f =10Hz

1%t order system
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ANSWER TO Q4

f =10 Hz for one single sine wave

SOLUTION: Amplitude
Amplitude varies between 30°C and 40°C, and frequency is 10 Hz.

Assume sensitivity K = 1 and system is first order.

40+30 40-30
t—

A

Output signal is|7(r)=

sm(2nft + )

=35+ 5 sin(207 = ¢)

Time
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ANSWER TO Q4

=35+ 5 sin(20m * ¢) Amplitude

¢ is the unknown phase shift between input and output signal. For a

1%t order system, the maximum phase shift is 7/2 radians.

. 5 i 1
Dynamic error is 8(®) =1-M(®) and M(o)= ——
yl+ (o)
And we know that 6 < 0.01, hence]
Time
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ANSWER TO Q4

1;;;0.99
2

1+ (wt)
Ato=27z=20xrad s}, we find that

0<7<227 ms
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