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LINEAR SYSTEMS
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Which of the following is correct for the Characteristic Equations of the Linear 
System?
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ANSWER TO Q1

Which of the following is correct for the Characteristic Equations of the Linear 
System?
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ANSWER TO Q1

Which of the following is correct for the Characteristic Equations of the Linear 
System?
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ANSWER TO Q1

Linear equation: A1S+A0=0 

Quadratic equation: A2S2+A1S+A0=0 

Cubic equation: A3S3 + A2S2+A1S+A0=0 

Quartic equation: CA2S2+A1S+A0=0 

Quintic equation: A5S5 + A4S4 + A3S3 + A2S2+A1S+A0=0 

Degree 6 or higher: 0
0
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LINEAR SYSTEMS

Characteristic Equation of Homogenous equation of Linear system

Homogenous equation of Linear system:

∑ 𝐴௡
ௗ೙௑೚ೠ೟

ௗ௧೙
ே
௡ୀ଴ = 0
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LINEAR SYSTEM

The Characteristic Equation of The Homogenous 
Equation of the 1st Order System

𝜏𝑠 + 1 = 0

1st Order System

𝜏
𝑑𝑋௢௨௧

𝑑𝑡
+ 𝑋௢௨௧ = 𝐾𝑋𝑖𝑛
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LINEAR SYSTEM

Step input

𝑋௢௨௧೓
= 𝐶𝑒ି௧ ఛ⁄

Where C is a constant which can determined later applying 
initial conditions

𝜏
𝑑𝑋௢௨௧

𝑑𝑡
+ 𝑋௢௨௧ = 𝐾𝑋𝑖𝑛

Since the root of this equation is s=-1/𝜏, the 𝐡𝐨𝐦𝐨𝐠𝐞𝐧𝐞𝐨𝐮𝐬 𝐬𝐨𝐥𝐮𝐭𝐢𝐨𝐧 is 

𝜏
ௗ஼௘ష೟ ഓ⁄

ௗ௧
+ 𝐶𝑒ି௧ ఛ⁄ = 𝜏 ∗ (−

஼

ఛ
)𝑒ି௧ ఛ⁄ + 𝐶𝑒ି௧ ఛ⁄ =0
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Step input

𝑋𝑜𝑢𝑡𝑝 
= 𝐾𝐴𝑖𝑛

𝑋𝑖𝑛 
= 𝐴𝑖𝑛

A particular solution

LINEAR SYSTEM

𝜏
𝑑𝑋௢௨௧೛

𝑑𝑡
+ 𝑋௢௨௧೛

= −𝜏 ∗ 0 + 𝐾𝐴𝑖𝑛 = 𝐾𝐴𝑖𝑛

𝜏
𝑑𝑋௢௨௧

𝑑𝑡
+ 𝑋௢௨௧ = 𝐾𝑋𝑖𝑛
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Step input

LINEAR SYSTEM

𝜏
𝑑𝑋௢௨௧

𝑑𝑡
+ 𝑋௢௨௧ = 𝐾𝑋𝑖𝑛

The general solution is the sum of the homogeneous and
particular solutions

𝑋𝑜𝑢𝑡 = 𝑋𝑜𝑢𝑡ℎ
+ 𝑋𝑜𝑢𝑡𝑝 

= 𝐶𝑒ି௧ ఛ⁄ + 𝐾𝐴𝑖𝑛
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Q2
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LINEAR SYSTEM

Determining constant C by applying initial conditions

𝑋𝑜𝑢𝑡 0 = 0

𝑋𝑜𝑢𝑡 0 = 𝐶𝑒ି଴ ఛ⁄ + 𝐾𝐴𝑖𝑛 = 0

𝐶 = −𝐾𝐴𝑖𝑛

𝑋𝑜𝑢𝑡 𝑡 = 𝐶𝑒ି௧ ఛ⁄ + 𝐾𝐴𝑖𝑛 = 𝐾𝐴𝑖𝑛(1 − 𝑒ି௧ ఛ⁄ )
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Q2

𝐾 = 1

lim௧→ஶ 𝑋𝑜𝑢𝑡 𝑡 = 100 = 1 ∗ 𝐴𝑖𝑛 1 − lim
௧→ஶ

𝑒ି௧ ఛ⁄

𝐴𝑖𝑛 =100
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ANSWER TO Q2

𝑋௢௨௧ 𝑡 = 100 1 − e-t/𝜏

𝑋௢௨௧ 1.2 = 80 = 100 1 − e−1.2/𝜏

Thus

e−1.2/𝜏 = 20/100

−1.2/𝜏 = ln 0.2 = −1.61

𝜏 ≈ 0.75

𝑋௢௨௧ 𝑡 = 100 1 − e−t/0.75
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ANSWER TO Q2

𝑋௢௨௧ 𝑡 = 100 1 − e−t/0.75

𝑋௢௨௧ 1.5 = 100 1 − e−1.5/0.75

Thus

error at 1.5 s =100- 𝑋௢௨௧ 1.5  =100e−1.5/0.75 = 13.4 𝑢𝑛𝑖𝑡𝑠
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ANSWER TO Q2

error at t =100- 𝑋௢௨௧ 𝑡  =100e−t/0.75

13.4 𝑢𝑛𝑖𝑡𝑠
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Q3

𝜏 = 2
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ANSWER TO Q3

𝟏. 𝐌𝐚𝐠𝐧𝐢𝐭𝐮𝐝𝐞 𝐑𝐚𝐭𝐢𝐨 can be considered as Attenuation
(always positive and less than 1)

𝟐. 𝐃𝐲𝐧𝐚𝐦𝐢𝐜 𝐞𝐫𝐫𝐨𝐫 1st order system  
always positive and less than 1 as well

𝑀 𝜔 = 1 1 + (𝜔𝜏)ଶ⁄

𝛿 𝜔 = 1 − 𝑀 𝜔
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ANSWER TO Q3

𝐒𝐨𝐥𝐮𝐭𝐢𝐨𝐧
𝛿 𝜔 = 1 − 𝑀 𝜔 ≤ 0.02

0.98 ≤ 𝑀 𝜔 ≤ 1

0.98 ≤ 1 1 + 𝜔𝜏 ଶ⁄ ≤ 1

0 ≤ 𝜔 ≤ (1/0.98)ଶ−1 𝜏⁄

𝜏=2, 𝜔𝑚𝑎𝑥 =0.1 rad s-1 or 𝑓𝑚𝑎𝑥 =0.016 Hz
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ANSWER TO Q3

?

𝑀 𝜔 = 1 1 + (𝜔𝜏)ଶ⁄
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The first example Q2 looks at the time response of a system, i.e. in the
time domain.

The second example Q3 looks at its frequency response, i.e. in the
frequency domain. Both are often needed, especially for a more
complicated system, to have a good understanding of the system.

ANSWER TO Q3

13.4
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Q4

𝑓 =10 Hz

1st order system
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40

30 f=10 Hz

ANSWER TO Q4

𝑓 =10 Hz for one single sine wave
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40

30 f=10 Hz

ANSWER TO Q4

25

26



2/1/2025

Content Copyright Nanyang Technological University 27

ANSWER TO Q4
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