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LEARNING GOALS

3 main characteristics of a good measurement system of

Amplitude Linearity, Phase Linearity, and Adequate Bandwidth.

Fourier series representation of a signal and its applications.

Relationship between an instrument's bandwidth and spectra of its
input and output signals.

Dynamic response of zero-, first-, and second-order systems.

Analogies among mechanical, electrical and hydraulic systems.

a System response to step and sinusoidal inputs.
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MEASUREMENT SYSTEMS - COMPONENTS

INPUT

N
Physical quantity to be measured is called input to a

measurement system.

OUTPUT

Transducer transforms the input into a form compatible with

4

the processor to be processed then becomes the output of a

measurement system.

D)
Usually, the input is different from the output of a
measurement system.

CHARACTERISATION

N
A good measurement system is characterised by phase

linearity, amplitude linearity, and adequate bandwidth.
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FOURIER SERIES REPRESENTATION OF SIGNALS

To study phase linearity and bandwidth (applied to frequency
components of an input signal), it is necessary to review Fourier
series representation of a signal.

Any periodical waveform can be represented as an infinite series of
sine and cosine waveforms of different amplitudes and frequencies.

Summing up this infinite series gives the original periodical
waveform.

Practically, a finite number of the sine and cosine waveforms can
adequately represent a periodical waveform.

0000
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TUTORIAL #1 - Q1
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Q1: A QUICK HANDS-ON USING A QR-CODE

If the following input (V;,) and output (V,,.) relationships exist for
different measurement systems, indicate whether each is linear or
nonlinear and explain why:

a) Vou(€) = 5V (8);

b) Vou(E)/V(t) = 5¢t; q

) Veult) = V() + 5 Quiz at
d) Vour(t) = Vip(t) + Vip(t); NTULearn
e) Vou(t) = Vin(0)*Vi,(£);

f) Voue(t) = Vip(t) + 10¢;

g) Vouel(t) = Vip(t) + sin(5)

h) If (Voult)- Voul0)) = a(Viy(1)- Vin(0)), what will be

the relation between W, (t) = BV, (1)+C and V() ?
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ANSWER TO Q1

a) V,u.(t) = 5V,,(t): Linear or Non-linear?

Answer: Existing Magic a. =5, =2 Linear
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AMPLITUDE LINEARITY

Magic a
The output always changes with the same factor times by the
change in the input, i.e.,

Vout (t) - Vout(o) = U(V,-n(t) a Vin(o))

Where a is the proportional constant (gain).
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ANSWER TO Q1

Uniqueness

I (Vout®)- Voul0)) = a(Vin(t)- Vi(0)), and (Vou(t)- Vou(0)) = B(Vin(t)- Vin(0)) > a =B

Since (1)~ V5u(0)) = 0V, (- V;,(0)), and (V,,(8) - V,,(0)) = B (Vi (0)- V;,(0))
We have a(V;,(1)- V,(0)) =B (V,()- V;,(0))
Thus  (a-B)V,() = (0- B) V,(0)

If B, V()= V. (0)

Therefore o=
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AMPLITUDE LINEARITY

Ratio

The output always changes with the same factor times by the
change in the input, i.e.,

Vout (8) = Vour(0))/ (Vin(t) - Vin(0)) = «

Where a is the proportional constant (gain).
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ANSWER TO Q1

b) V,.(tVV,(t) = 5t: Linear or Non-linear?

Do we have a magic a existing?

a =5t is a function of t, not a constant = Non-linear
Proof | Assume: There is an a such that V, (1)-7,,(0) = a (V,,(¢) - V;,(0))
by This means V,,(0)-V,,(0) = 5tV,()-0= o (V,,(1) - V,(0))
contra- | Or Vil O(5t- a)=-a¥,,(0)
diction In (.)the.r words, V,,(t) = aV,,(0)/(a - 5t)

which is generally not correct
So no magic a existing !
12
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ANSWER TO Q1

C) Vaul(t) = Vm(t) i 5:'

Answer: V,(0-V,,(0) = V() +5 = (V,(0)+5)= I*(V,,(t) = V;,(0))

Existing Magic a. =1 is a constant = Linear

Generalisation: Any constant C, V,, (t) =V, (t)+ C = Linear
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ANSWER TO Q1

) Vou(t) = Vin(t) + Viu(t) ;

Answer: V,,(0-V,,(0) = Vy(t) + Vi (6) = (Vi (0Y+V;(0))= 2%(V,,(£) = V;,(0))

Magic a =2 is a constant = Linear

Generalization: Any constant C, V, () =CV,(t) =2 Linear
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ANSWER TO Q1

Proof
by
contradiction

&) Voult) = Vip(t) "Vi(t) ;

Answer: V,(0-V,,(0) = V,(0) * V() = Vi, (0)*V,,(0)

Assume: we have a constant o so that = Mostly Non-linear
Vout(t)'vuul(o) =a *(Vin(t) I Vm(O))
Vin(® * Vin(D)- Viy(0) * Vip(0) = o *(Viy (1) — Vi (0))
Vin(®) * Vin(H)- a Viy(t) + (aVi(0)- Vi (0) * V;,(0)=0

D=a* o -4%(a Viy(0)-Vin(0) * Vi, (0))
Vin(O=(0 £ 3qr(D))/2
So, no magic o existing
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ANSWER TO Q1

f) Vout(t) = V,'n(t) + 10t;

Answer: V,

out’

Usually, we do not have a constant o = Non-linear

Note:  Any constant C, V, (t) =V, (t)+Ct = Non-linear

(D-V5u(0) = V() 10t —(V,,(0) +10*0)= (V;,(1) =V,,,(0)) +10t

Proof

by
contradiction

Assume, we have a constant o so that
Voul©-Voul0) = a *(Viy(t) = Viu(0))
Vin(®) + Ct - Vi, (0)- CO = o *(Vi,(1) — V;,(0))
Vi, () *(1- o) =V;,(0) + CO- Ct - a V;,(0)

Vi (H)=(V;,(0) + CO- Ct - a Vi, (0))/(1- o)
No magic o existing

16
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ANSWER TO Q1

g) Vout(t) = Vm(t) i C;

Answer: C=Sin(5), magic o=1 existing = Linear

17
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ANSWER TO Q1

Additional Question h):

I (Voudlt)- Voul0)) = a(Vin(t)- Vir(0)),

Wil Wy, () = BVay (EC and Wy(t) = BV, (/+C have

Wout(t)' Wout(o) = (X(VV,-,.,(t)- VVm(o))?

18
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ANSWER TO Q1

Generalization & Inheritance

h) If we have amplitude linearity wave V, (t) and V,,(t): (V,.(t)- Vou(0)) = a(V,(f)- Vi,(0)),
What will be the relation with constant C and B between W,,(f) and W,,(t) :
Woudt) = BVou ()+C and W (t) = BV, (+C ?
Voud - V5u0)) = (¥, (- V;,(0)),
Woul®) = BV, ()+C
Woul®) = W 0) = BV, ()+C - BV, (0)-C = B (VD) V,(0)) = a B (V,(D)- V;,(0))

Woul®) = W, (0) = ol BV, ()+C- BV, (0)-Ch=a(W,;,(1) - W,,(0))

W,.(t) and W, (?) are Linearly related
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TUTORIAL #1 - Q2
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What is the Fourier series and fundamental frequencies (in
Hertz) and amplitudes of the following waveforms?

a) F(t) = 5*sin(2axt).

b) F(t) = 5*cos(2xt)
c) F(t) = -5*sin(2at)
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FOURIER SERIES REPRESENTATION OF SIGNALS

The Fourier series representation of a periodical waveform f(t) is
[oe] [oe]
F(t) =Cy+ z A, cos(nwgyt) + Z B, sin(nwyt)
n=1 n=1

where
C, is the DC component of the signal, and the average value of the
waveform over its period

wy is the fundamental or first (lowest) harmonic frequency defined as

T
wq = = 2nfy

fpis fundamental frequency in Hertz (Hz).
T is period
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ANSWER TO Q2

F(t) =Cy+ Z A, cos(nwyt) + Z B, sin(nwyt)
n=1 n=1

Term | Fundamental frequency | Amplitude Remark
F(t)=5sin(2mt) n=1 fo=0y/21=2711/21=1Hz 5 F(t)=5cos(2mt-1t/2)
F(t) = 5cos(2mt) n=1 fo=0y/2n=21/211=1Hz 5
_ 1 il _ _ Amplitude is the
F(t) = -5cos(2nt) | n=1 fo=0y/2n=21/211=1Hz 5 e S
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TUTORIAL #1 - Q3

Content Copyright Nanyang Technological University

24

24

1/20/2025

12



The power we use at home has a frequency of 60 Hz. What is the period
of this sine wave?

Answer: 0.0166s=16.6ms
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ANSWER TO Q3

The power we use at home has a frequency of 60 Hz. The period of this
sine wave can be determined as follows:

T=- = = 0.0166s = 0.0166 x 10° ms = 16.6 ms
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TUTORIAL #1 - Q4
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Common trigonomeiry formulas

e e sin?4 + cos?4 =1

variations on
Pythagorean theorer: tan’A +1= sec’A
1+ cot?A = csc4

sinz(%) = %osa

2( Ay _1+cosd
cos (5)— 5

sin(24) = 2sinA cos 4

cos(24) = cos®4 - sin®4

sm(d + F)=smAcosF £cosdsmpB
cos{A = B)=cosA cosF Fsind sinf

iana e __ b _ ¢

law of sines: smAd smB sing
¢ =%+ b - 2ab cosC
law of cosines: b%=a® +¢? - 2accos B

@?=b%+¢? - 2bccosA

half-angle forrulas:

double-angle formulas:

addition formulas:
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For the Fourier series given by

= nw T 120k T
&) =4+ T oy 2T i P74
=10 4 30 4

n=1

where { is the time in seconds,
c. Express this Fourier series as an infinite series containing sine terms only.

Yo =4+ 4—nn'z sin("t/, + 0.05)

n=1

y(@®) =4+ Z 41tsin("”t/4_ +0.05)

n=1

Y =4+ ) anmsin("/, +0.05)

n=1

o
y() =4+ Z 4nncos("”t/4 +0.05)
n=1
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For the Fourier series given by

yE)y=4+ % M7 cosrm t+ L2073, S m:f
= 10 4
where 7 is the time in seconds,
a. What is the fundamental frequency in hertz and radians per second, rad s-'?
b. What is the period T associated with the fundamental frequency?
c. Express this Fourier series as an infinite series containing sine terms only.

Ans: fo = 1/8 Hz,T=8s;y(t) =4+ Z 4-nrtsin(""t/4 +0.05)

n=1
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ANSWER TO Q4

SOLUTION: ¢

Given Wry=4+ E 4027711 O{ﬂj - 12Omtsin [HTMJ

=110 4 =l 3
T 1 @ 1
a. Atn=1 weget o= —rads! orfo= - == Hz.
4 ’ 2z 8

Note that frequency may be in rad s or Hz. When the unit is

rad s7', we use the symbol ®. When the unit is Hz, we use the
symbol 7

b.  Hence the fundamental period 7 = 8 sec |
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FOURIER SERIES REPRESENTATION OF SIGNALS

Define

Cp = /Anz + B,?

< — arctan [ 2n
¢, = arctan 5

n

Then

F(t) =Cy + Z Cpsin(nwot + ¢y
n=1

That is, a period waveform can be represented by an infinite series of sine
of single amplitude and phase
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ANSWER TO Q4

P
. ( 2¥
c: To convert to the form (f)=Cqy+ T‘ C,, sin LT
%

2nwt * )
+d |
J

111

. = 3 2;17:\ /120;7;1 N2
Where C,, = +/42 + B2 \/\ o =0
/ \ = i
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ANSWER TO Q4

F@)=C,+ i (An cos( nw,t) + B, sin( na)ot))

n=1

=C,+ A+ B cos( na,t) + sm(na)t)}
£ e

=C, + zx; C, (sin( ¢¥) cos( nwyt) + cos( @) sin( new,t))

n=1

bn —arctan( )sm(d)n cos(¢n
/ An?+Bp?
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ANSWER TO Q4

) - 2 . (2nnt
o To convert to the form »(f)=Cy+ > C, sin|
e

o
+dy |
n=1 /

e T _ ‘/Ziqn\‘l+‘/120nn\l
10 ) "L 30

& €
mﬂ%ﬂ:%ﬁ:%B:uoﬂ /ﬁé;‘An
n - ﬂ

¢r = tan"1(0.05) = 0.05 radians

. e N
5 @ . s
Hence, v(f)=4+ = 4nnsin| " 0.05 ‘

n=l1 w4 s
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Phase Angle

F(t)=Cy + Z(An cos(nwot) + By, sin(nwyt)) F(t)=Cy + Z(An cos(nwot) + By, sin(nwyt))
n=1 n=1
> = Co + 2= Cp sin(nwot + ¢y
=Co+ Z Cy, cos(nwot — @y)

= . .
n—tl 5 a ) =Co + X5=1 Cp cos(nwot + ¢’ — 3)
= arctan-Z, cos = —L—,sin =
bn 2 COS(Pn) T (@n) =Co + Xy Co cOS(nwot — Pp)
Bn - 2 2
Ch=+VA; + B . A . A . .
A%B%’ n nton b = arctani,cos(d)n )= 2" 2,sm((]:n )=
AZ+B2

B,
L C,=+A%+B?
A% +BE

T N
“pn =3 bn ‘ ®n
B,
o An
Bn

Sin (pn) = sinG — dn) =cos (b) |
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FUNDAMENTAL FREQUENCY

Additional Question:

) 4+277 277?+47r 37rf+87r 4ﬂt+
- o - bl = 4 —Ccos — —Ccos— cOS e
For example: » 10 9% 10 S5 10 574

2Ly cosﬂ I3
10 T4

This can be written as V(7)) =4+ >

n=1

What are the fundamentak frequency and amplitude?
n=1, A,=2*(1-1)n/10=0, fundamentak frequency w,= /4

n=2, A,= 2*(2-1)n/10= n/5, fundamentak frequency w,= /4
27 27 0, I=m/2

——COosS—1-

10 4
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FUNDAMENTAL FREQUENCY

When n=1, the fundamental frequency is g rad st or ?13 Hz,

although the amplitude is zero for this component, and not Z rad s!

=

01’% Hz forn = 2.
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